Abstract. We study strong gravitational lensing due to a Schwarzschild black hole. Apart from the primary and the secondary images we find a sequence of images on both sides of the optic axis; we call them relativistic images. These images are formed due to large bending of light near r = 3M (the closest distance of approach r o is greater than 3M ). The sources of the entire universe are mapped in the vicinity of the black hole. For the case of the Galactic supermassive "black hole" these images are formed at about 17 microarcseconds from the optic axis. The relativistic images are not resolved among themselves, but are resolved from the primary and secondary images. Because the magnification of relativistic images falls away extremely fast as the angular position of the source from the optic axis increases, the appearance of these images on the sky will be transient and can only be observed for the situation that the source, lens and observer are very highly aligned. Though very difficult to observe, it would be a great success of the general theory of relativity in a strong gravitational field if they ever were observed and it would also give an upper bound, r o = 3.21M , to the compactness of the lens, which would support the black hole interpretation of the lensing object. Schwarzschild black hole lensing gives rise to a sequence of tangential critical curves, but no radial critical curve. This feature of a black hole is different from some naked curvature singularities, as gravitational lensing by the latter are known to give rise to a radial caustic.
Introduction
The phenomena resulting from the deflection of electromagnetic radiation in a gravitational field are referred to as gravitational lensing (GL) and an object causing detectable deflection is known as a gravitational lens. The basic theory of GL was developed by Liebes (1964) , Refsdal (1964) , and Bourossa and Kantowski (1975) . For detailed discussions on GL see the monograph by Schneider et al. (1992) and reviews by Blandford and Narayan (1992) , Refsdal and Surdej (1994) , Schneider (1996) , Narayan and Bartelmann (1996) , Wu (1996) and Wambsganss (1998) .
The discovery of quasars in 1963 paved the way for observing point source GL. Walsh, Carswell and Weymann (1979) discovered the first example of GL. They observed twin images QSO 0957+561 A,B separated by 5.7 arcseconds at the same redshift z s = 1.405 and mag ≈ 17. Following this remarkable discovery more than a dozen convincing multiple-imaged quasars are known (cf. Keeton and Kochanek 1996) .
The vision of Zwicky that galaxies can be lensed was crystallized when Lynds and Petrosian (1986) and Soucail et al. (1987) independently observed giant blue luminous arcs of about 20 arcseconds long in the rich clusters of galaxies. Paczyński (1987) interpreted these giant arcs to be distorted images of distant galaxies located behind the clusters. About 20 giant arcs have been observed in the rich clusters. Apart from the giant arcs, there have been also observed weakly distorted arclets which are images of other faint background galaxies (Tyson 1988) . For detailed discussions on this subject see Fort and Miller (1994) . Hewitt et al. (1988) observed the first Einstein ring MG1131+0456 at redshift z s = 1.13. With high resolution radio observations, they found the extended radio source to actually be a ring of diameter about 1.75 arcseconds. There are about half a dozen observed rings of diameters between 0.33 to 2 arcseconds and all of them are found in the radio waveband; some have optical and infrared counterparts as well (cf. Wambsganss 1998) .
Another spectacular and very useful (in cosmological research) manifestation of GL is microlensing, which refers to a GL where though image structure is not resolved, the variation in the total magnification (due to change in angular position of the source) of all the images can be observed. Several theoretical as well as observational projects are devoted to this and there are already remarkable successes (for reviews see Narasimha 1995 , Paczyński 1996 , Dominik 1996 , Roulet and Mollerach 1997 . GL can provide valuable information on important questions, for instance, masses of galaxies and clusters of galaxies, the existence of massive exotic objects (such as cosmic strings, naked singularities and wormholes), and determination of cosmological parameters.
The general theory of relativity has passed experimental tests in a weak gravitational field with flying colours; however, no test for this theory is known in a strong gravitational field. Testing the gravitational field in the vicinity of a compact massive object, such as a black hole or a neutron star, could be a possible avenue for such investigations. Dynamical observations of several galaxies show that their centres contain massive dark objects. Though there is no iron-clad evidence, indirect arguments suggest that these are supermassive black holes; at least, the case for black holes in the Galaxy as well as in NGC4258 appear to be strong (Richstone et al.1998) . These could be possible observational targets to test the Einstein theory of relativity in a high gravitational field. Additional possibilities arise through several stellar-mass black hole candidates known in the literature (see Tanaka and Lewin 1995) , and the dark halo of our Galaxy, which is thought to be comprised of MACHOs which include stellar remnants, such as neutron stars and black holes.
Immediately after the advent of the general theory of relativity, Schwarzschild obtained a static spherically symmetric asymptotically flat vacuum solution to the Einstein equations, which was later found to have an event horizon when maximally extended; thus this solution represents the gravitational field of a spherically symmetric black hole. For detailed discussions of the structure of this spacetime see Hawking and Ellis (1973) . Schwarzschild GL in the weak gravitational field region (for which the deflection angle is very small) is well-known (cf. Schneider et al. 1992) . In this paper we model the Galactic supermassive "black hole" as a Schwarzschild lens and study point source lensing in the strong gravitational field region, when the bending angle can be very large. Apart from a primary image (on the same side of the source) and a secondary image (on the opposite side of the source) we get a theoretically infinite sequence of images on both sides close to the optic axis; we term them relativistic images. The primary and secondary images are formed due to small bending of light in a weak gravitational field. The relativistic images are formed due to large bending of light (> 3π/2) in a strong gravitational field (in the vicinity of 3M ) and are usually greatly demagnified (the magnification decreases very fast with an increase in the angular position of the source from the optic axis). When the source, lens and observer are strongly aligned and the source has a large surface brightness, one may be able to observe relativistic images (though for a short period of time). Though the observation of relativistic images is a difficult task, if it were accomplished it would support the general theory of relativity in a strong gravitational field and would also give an upper bound to the compactness of the lens. This is the subject of study in this paper.
The paper is organized as follows: In Sect. 2 we present the lens equation and the expression for magnification. In Sect. 3 we give the light deflection angle for the Schwarzschild spacetime. In Sect. 4 we study GL with the Galactic supermassive "black hole" and obtain the image positions, magnifications of images, and critical curves. In Sect. 5 we discuss possible observational tests for the Schwarzschild metric in a strong gravitational field and in the last section we summarize the results. We use geometrized units (the gravitational constant G = 1 and the speed of light in vacuum c = 1 so that M ≡ M G/c 2 ).
Lens equation, magnification and critical curves
The lens diagram is given in Fig.1 . The line joining the observer O and the lens L is taken as the reference (optic) axis. The spacetime under consideration, with the lens (deflector) causing strong curvature, is asymptotically flat; the observer as well as the source are situated in the flat spacetime region (which can be embedded in an expanding Robertson-Walker universe). SQ and OI are tangents to the null geodesic at the source and image positions, respectively; C is where their point of intersection would be if there were no lensing object present. The angular positions of the source and the image are measured from the optic axis OL. LOI (denoted by θ) and LOS (denoted by β) are respectively the image position, and the source position if there were no lensing object.α (i.e. OCQ) is the Einstein deflection angle. The null geodesic and the background broken geodesic path OCS will be almost identical, except near the lens where most of bending will take place. Given the vast distances from observer to lens and from lens to source, this will be a good approximation, even if the light goes round and round the lens before reaching the observer. We assume that the line joining the point C and the location of the lens L is perpendicular to the optic axis. This is a good approximation for small values of β. We draw perpendiculars LT and LN from L on the tangents SQ and OI repectively and these represent the impact parameter J. D s and D d stand for the distances of the source and the lens from the observer, and D ds represents the lens-source distance, as shown in the Fig.1 . Thus, the lens equation may be expressed as OL is the reference (optic) axis. LOS and LOI are the angular separations of the source and the image from the optic axis; they are respectively represented by β and θ. The source as well as the observer are situated in Minkowski spacetime. SQ and OI are respectively tangents to the null geodesic at the source and observer positions; LN and LT , the perpendiculars to these tangents from L, are the impact parameter J. OCQ, the Einstein bending angle, is represented byα. Ds represents the observer-source distance, D ds the lens-source distance and D d the observer-lens distance.
The lens diagram gives
We define
and will use this in section four. A gravitational field deflects a light ray and causes a change in the cross-section of a bundle of rays. The magnification of an image is defined as the ratio of the flux of the image to the flux of the unlensed source. According to Liouville's theorem the surface brightness is preserved in gravitational light deflection. Thus, the magnification of an image turns out to be the ratio of the solid angles of the image and of the unlensed source (at the observer). Therefore, for a circularly symmetric GL, the magnification of an image is given by
The sign of the magnification of an image gives the parity of the image. The singularities in the magnification in the lens plane are known as critical curves (CCs) and the corresponding values in the lens plane are known as caustics. Critical images are defined as images of 0-parity.
The tangential and radial magnifications are expressed by
and
and singularities in these give tangential critical curves (TCCs) and radial critical curves (RCCs), respectively; the corresponding values in the source plane are known as tangential caustic (TC) and radial caustics (RCs), respectively. Obviously, β = 0 gives the TC and the corresponding values of θ are the TCCs.
For small values of angles β, θ andα, the lens equation (1) becomes
and the expression for magnification becomes
which have been widely used in studying lensing in a weak gravitational field (cf. Schneider et al. 1992 ).
Schwarzschild spacetime and the deflection angle
The Schwarzschild spacetime is expressed by the line element
where M is the Schwarzschild mass and the event horizon is at the Schwarzschild radius R s = 2M . The Einstein deflection angleα for a light ray with closest distance of approach r o is (Weinberg 1974, Chapters 8.4 and 8.5 ) (10) and the impact parameter J is
The integral in (10) is defined for r o > 3M (r o = 3M is the photon sphere). The Einstein deflection angle for large r o is (Virbhadra et al. 1998) 
The deflection angleα is positive (showing attractive bending) for all values of the closest distance of approach. Introducing radial distance defined in terms of the Schwarzschild radius,
the deflection angle given by (10) takes the form
Obviously, the above integral is defined for x o > 1.5. In Fig.2 we plot the deflection angleα against x o for small as well as large values of x o . The deflection angle decreases to zero as x o approaches infinity. The increase in the deflection angle is faster as x o decreases.
In the computations in the following section we require the first derivative of the deflection angleα with respect to θ. This is given by
where
and the equation (14) gives the first derivative ofα with respect to x o (cf. Virbhadra et al. 1998) ,
4. Lensing with the Galactic supermassive "black hole"
Weak field Schwarzschild lensing (with the lens equation
) is well-known and has been very well discussed in the literature (cf. Schneider et al. 1992 and the reviews mentioned in the introduction). It gives two images : a primary, which is on the same side of the source and a secondary, which is on the opposite side of the source with reference to the optic axis. The primary image has a positive parity whereas the secondary image has a negative parity. These images are formed due to small bending of light in a weak gravitational field. When the source, the lens and the observer are aligned one gets a highly magnified ring (called an Einstein ring); however, when the alignment is "broken" the ring "breaks" into two images (a primary and a secondary). As the angular position of the source (measured from the optic axis) increases, the magnifications of both images decrease (for the secondary image it decreases much faster than for the primary image and the magnification for the secondary image approaches zero whereas for the primary image it goes to one), while the separation between the two images increases (the secondary shifts towards the lens slower than the primary goes away from the lens).
When studying GL due to a compact massive Schwarzschild lens we do not assume a priori that the angles are small. The position and magnification of the primary image does not change substantially as compared to results obtained with the approximate lens equation (7) withα = 4M r0 , because the primary image is formed due to light deflection in the weak gravitational field. For small angular source position the situation is similar for the secondary image. However, when the source angular position is large, to get a secondary image a light ray has to pass through a strong gravitational field (corresponding to the small closest distance of approach) and there strong field effects will be relevant; however, the image will be very much demagnified. When the lens is a mas- a The lens is the Galactic "black hole" (mass M = 2.8 × 10 6 M⊙ and the distance D d = 8.5 kpc so that
The ratio of the lens-source distance D ds to the observer-source distance Ds is taken to be 1 2
. All angles are expressed in microarcseconds. a θ and β are, respectively, the angular positions of the images and the sources, as measured from the optic axis. µ is the magnification and the sign on this refers to the parity of the image. , and β = ∓0.075 radian (≈ ∓4.29718 degree). θ is expressed in microarcseconds. The angular position of a relativistic image changes very slowly with respect to a change in the source position.
sive compact object a strong gravitational field is "available" for investigation. A light ray can pass close to the photon sphere and go around the lens once, twice, thrice, or many times (depending on the impact parameter) and reach the observer. Thus, a massive compact lens gives rise, in addition to the primary and secondary images, to a sequence of large number (indeed, theoretically an infinite sequence) of images on both sides of the optic axis. We call these images (which are formed due to the bending of light through more than 3π/2) relativistic images, as the light rays giving rise to these images pass through a strong gravitational field before reaching the observer. We term the corresponding arcs, relativistic arcs. Similarly, we call the rings, which are formed by bending of light rays more than 2π, relativistic Einstein rings.
We model the Galactic supermassive "black hole" as a Schwarzschild lens. This has mass M = 2.8 × 10 6 M ⊙ and the distance D d = 8.5kpc (Richstone et al. 1998) ; therefore, the ratio of the mass to the distance
−11 . We consider a point source, with the lens situated half way between the source and the observer, i.e. images as well as relativistic critical curves are expressed in microarcseconds. In Fig.3 we show how the positions of relativistic images change as the source position changes. To find the angular positions of images on the same side of the source we plot α (represented by continuous curves) and tan θ − tan β against θ for a given value of the source position β; the points of intersection give the image positions (see the right side of the Fig. 3) . Similarly, we plot −α and − tan θ − tan β vs. −θ and points of intersection give the image positions on the opposite side of the source (see left side of the Fig. 3) . We have taken β = ∓0.075 radian (≈ ∓4.29718 degree). In fact there are a sequence of an infinite number of continuous curves which intersect with a given dashed curve giving rise to a sequence of an infinite number of images on both sides of the optic axis. We have plotted only two sets of such curves demonstrating appearance of two relativistic images on both sides of the optic axis. For β = 0 the points of intersection of the continuous curves with the dashed curve give a sequence of infinite number of relativistic tangential critical curves (relativistic Einstein rings). As β increases any image on the same side of source moves away from the optic axis, whereas any image on the opposite side of the source moves towards the optic axis. The displacement of relativistic images with respect to a change in the source position is very small (see Fig. 3 ). The two sets of outermost relativistic images are formed at about 17 microarcseconds from the optic axis and these cannot be resolved among themselves by the present observational facilities. Though all the sources of the universe are mapped in the vicinity of a black hole as relativistic images, these are extremely demagnified unless there is a very high degree of alignment of the source, lens and observer.
In Fig. 4 we plot the tangential magnification µ t as well as the total magnification µ vs. the image position θ near the two outermost relativistic tangential critical curves. The singularities in µ t give the angular radii of the two relativistic Einstein rings. In Fig. 5 we give similar plots for large values of the image positions. The singularity in µ t gives the angular radius of the Einstein ring (this is not the relativistic Einstein ring). It is clear that magnification for relativistic images falls extremely fast (as compared with the case of primary and secondary images) as the source position increases from perfect alignment. The radial parity (sign of µ r ) is positive for all the images in Schwarzschild lensing. However, the total parity (sign of µ), and hence the tangential parity (sign of µ t ), is positive for all images on the same side of the source and negative for all images on the opposite side of the source.
In Table 3 we give the angular radii θ E of the Einstein and two relativistic Einstein rings. We also give the corresponding values for the deflection angleα and the closest distance of approach x o for the light rays giving rise to these rings. We define an "effective deflection angle"α − 2π times the number of revolution the light ray has made before reaching the observer. Table 3 shows that the effective deflection angle for a ring decreases with the decrease in its angular radius, which is expected from the geometry of the lens diagram. The same is true for images on the same side of the optic axis, i.e. the effective deflection angle is less for images closer to the optic axis. The supermassive "black hole" at the centre of N GC3115 has mass M = 2 × 10 9 M ⊙ and distance D d = 8.4M pc (cf. Richstone 1998) and therefore
−11 , which is very close to the case of the Galactic "black hole" we have studied. The angular radius of the Einstein ring in the Schwarzschild weak gravitation field is expressed by Ds . Gravitational lensing with stellar-mass black holes will also give rise to relativistic images; however these images will not be resolved from their primary and secondary images with present observational facilities. Virbhadra et al. (1998) studied GL with a strong curvature naked singularity described by the Janis-NewmanWinicour solution to the Einstein-Massless Scalar equations (R ik = 8πΦ ,i Φ ,k and Φ ;i ,i = 0, where Φ is the massless scalar field). This solution is characterized by two constant parameters: the mass M and the "scalar charge" q. When q = 0 it gives the Schwarzschild solution. Virbhadra et al. found that for "very large" values of the ratio q M there is one RCC and no TCC and for "large" values of this ratio there are two TCCs and one RCC; however for "small" values of this ratio there is only one TCC and no RCC (similar to the case of the Schwarzschild weak field GL). They did not investigate points very close to the integral singularity in the deflection angle expression. When we have studied we have found that for "very large" as well as "large" values of q M , there is no extra critical curve; however, for "small" values of this ratio the GL is qualitatively similar to what we found in this paper, i.e. there are a sequence of TCCs due to light deflection in strong gravitational field. We do not give the details of these results in this paper.
Relativistic images as test for general relativity in strong gravitational field
For the Galactic "black hole" lens, Fig. 2 shows the angular positions of the two outermost sets of relativistic images (two images on both sides of the optic axis) for a given position of the source. The angular position of an image on the same side of the source increases with an increase in the source position β, whereas for an image on the opposite side it decreases; however, the shifts in angular positions of these images are extremely small. In fact, there is a sequence of a large number of relativistic Einstein rings when the source, lens and observer are perfectly aligned, and when the alignment is "broken" there is a sequence of large number of relativistic images on both sides of the optic axis. However, for a given source position their magnifications decrease very fast as the angular position θ decreases (see Table 1 ), and therefore the outermost set of two images, one on each side of the optic axis, is observationally the most important. The angular separations among relativistic images are too small to be resolved with presently available instruments and therefore all these images would be at the same position. However, these relativistic images will be resolved from the primary and secondary images. We have considered the sources for D d < D s ; however, sources with D d > D s will also be lensed and will also give rise to relativistic images. Thus, all the sources of the universe will be mapped as relativistic images in the vicinity of the black hole (albeit as very faint images).
We obtained angular positions of relativistic images and their magnifications for several values of the angular position of the source, down to β = 1 microarcsecond. Table 1 and Fig. 4 show that the relativistic images are highly demagnified. We considered a normal star in the Galaxy to be a point source (note that we took
2 ), but in fact it has a finite size. We cannot use the point source approximation when such a source is very close to the caustic (β = 0), and therefore studies of extended source lensing are needed. When the source position β decreases the magnification increases rapidly and therefore one may get relativistic images that are observable when the source, lens and observer are highly aligned (β << 1 microarcsecond) and the source has a large surface brightness. Supernovae and quasars would be ideal sources for observations of relativistic images. The number of observed quasars is low (about 10 4 , see Wambsganss 1998) and therefore the probability that a quasar will be highly aligned along the direction of any galactic centre of observed galaxies is very small. Similarly, there is a very small probability that a supernova will be strongly aligned with any galactic centre. Moreover, the extinction of light along the line of sight to galactic nuclei would be appreciable, which would make these observations more difficult. If relativistic images were observed, it would be for a short period of time, because the magnification decreases very fast with increase in the source position; the time scale for observation of relativistic images will be greater for lensing of more distant sources. Our calculations are for point sources, and it is of interest to study GL for extended bright sources and obtain time scales for which the relativistic images could be observable with present instruments.
With present observational facilities it is not possible to resolve two relativistic images. If we observe a full or "broken" Einstein ring near the centre of a massive dark object at the centre of a galaxy with a relativistic image of the same source at the centre of the ring, we would expect that the central (relativistic) image would disappear after a short period of time. If seen, this would be a great success of the general theory of relativity in a strong gravitational field. Observation of relativistic images would also give an upper bound on the compactness of the lens. To get a relativistic image a light ray has to suffer a deflection by an angleα > 3π/2. For the closest distance of approach r 0 = 3.208532M the deflection angleα = 269.9999 degree and therefore r0 M = 3.208532 can be considered as an upper bound to the compactness of the lens. There is no definite evidence that massive dark objects at the centres of galaxies are black holes (though cases for black holes in the Galaxy and NGC4258 are better). Observations as discussed here would confirm the Schwarzschild geometry close to the event horizon; therefore these would strongly support the black hole interpretation of the lensing object.
The fact that the magnification of a relativistic image decreases very fast as the source position increases from its perfect alignment with the lens and observer can be exploited to give a better estimate of the compactness of the lens. For the lens system considered in section four, the outermost relativistic Einstein ring has angular radius about 16.898 microarcseconds and this is formed due to light rays bending at the closest distance of approach r 0 ≈ 3.09023M ⊙ (see Table 3 ). As a relativistic image can be observed only very close to a relativistic TCC, the above value of the r 0 /M gives an estimate of compactness of the massive dark object.
Stellar-mass black holes will also give rise to relativistic images, apart from the primary and secondary images. For the Cyg X-1 "black hole" the angular radius of the Einstein ring is of the order of a milliarcsecond. The number density of radio sources is very small and therefore the primary, secondary and relativistic images will not usually be resolved (with presently available instruments ). Therefore, one might think of "observing" relativistic images indirectly through microlensing phenomena. However, relative contribution of the relativistic images to the total magnification will be very small even for the situation that the lens components are highly aligned. Morevoer, the stellar-mass black holes in X-ray binaries move with high speed and therefore it would be extremely difficult to "observe" relativistic images through microlensing.
Discussion and summary
GL can play an important role in unveiling and understanding exotic and esoteric objects in the universe. There has been some interests in studying GL with cosmic strings (Hogan and Narayan 1984 , Vilenkin 1984 , 1986 and see references therein), wormholes (Cramer et al. 1995 , Torres et al. 1998 ) and naked singularities (Virbhadra et al. 1998) . GL can also be used to test theories of gravity. There is good experimental evidence in support of the general theory of relativity in a weak gravitational field, but there is no observation known which supports or rejects this theory in a strong gravitational field. In view of this important and interesting question we explored Schwarzschild relativistic GL in some detail and proposed some observations. We considered a lens equation which allows an arbitrary large as well as small values of the deflection angle and used the deflection angle expression for the Schwarzschild metric obtained by Weinberg (1972, chapter 8.5 ), see equation (10). This gives the bending angle of a light ray passing through the Schwarzschild gravitational field for a closest distance of approach r 0 in the range 3M < r 0 < ∞. Using this we studied GL due to the Galactic "black hole" in weak as well as strong gravitational fields.
The magnifications of the sequence of relativistic images decrease very fast with an increase in the source position from perfect alignment and therefore these images can be observed only for the situation that the source, lens and observer are highly aligned and the source has a large surface brightness. The observation of the transient appearance of unresolved relativistic images would be very interesting and useful. This would put an upper bound on the compactness of the lens. The great difficulty in observations of the relativistic images, that their magnifications fall very rapidly as the components of the lens system are misaligned, is a "blessing in disguise" as well, as it helps getting better estimate for the compactness of the lens. Observations demonstrating the high compactness of massive dark objects in Galactic nuclei would be very useful in rejecting many alternative interpretation of the nature of such massive dark objects and it would support the black hole possibility. These observations will be very difficult to accomplish as it requires very high degree of alignment of the lens, source and observer causing transient appearance of relativistic images. However, if it were to succeed it would be a great triumph of the general theory of relativity and would also provide valuable information about the nature of massive dark objects.
In the investigations in this paper we modelled the massive compact objects as Schwarzschild lens. However, it is worth investigating Kerr lensing to see the effect of rotation on relativistic images, especially when the lens has large intrinsic angular momentum to the mass ratio. There have been some studies of Kerr weak field lensing (see Rauch and Blandford 1994 and references therein).
